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An analytic-numerical solution to the Navier—Stokes equations is developed for the steady
laminar flow past a circular cylinder. The method of series truncation is employed to reduce
the governing partial differential equation to a system of ordinary differential equations, which
are then numerically integrated. The Reynolds numbers Re, based on the diameter, range from
0.4 to 40. Beyond that, the flow field should be represented by cosine as well as sine series,
and is to be treated later. The accuracy of the solution is enhanced by third-order boundary
conditions at infinity. Quantities of interest such as the drag and pressure coefficients,
tangential and radial velocities, streamlines, and vorticity lines are computed, plotted, and
compared with previous results. Applying Shanks’ transformation to each of three successive
truncations improves the accuracy of the surface quantities.

1. INTRODUCTION

The study of laminar flow past an obstacle was pioneered by Stokes [23] who
could not find the steady solution to satisfy the linearized Navier—Stokes equations.
This problem, known as Stokes’ paradox, remained unsolved until Oseen [19]
considered the inertial terms in the Navier-Stokes equations. Imai [8] improved the
asymptotic behavior of Oseen flow at a considerable distance from a cylinder
immersed in uniform flow. Imai’s result completely explained Filon’s well-known
paradox that the moment of a cylinder immersed in viscous flow is logarithmically
infinite with increasing extent of the flow region. In two separate studies, Kaplun [11]
and Proudman and Pearson [20] generated a procedure to calculate the higher-order
approximation for low Reynolds numbers by matching two asymptotic expansions,
one near the cylinder and the other far from the cylinder. Chang [3] investigated the
same method of solving the flow field at great distances from an object moving
through a two-dimensional steady incompressible flow. The domain of interest was
considered to be infinite, and the only boundary for the fluid was the given object.

One of the earlier numericai solutions of Navier-Stokes equations was investigated
by Thom [25], for low Reynolds number flow of water and oil past a circular
cylinder. Kawaguti [12] integrated numerically the full Navier—Stokes equations for
circular cylinder at Reynolds number 40. He found that steady flow exists even at
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this high Reynolds number, and that the pressure and drag coefficients conform with
experimental results. By applying Imai’s asymptotic solutions at infinity and using
the iterative method of solving finite difference equations, Takami and Keller [24]
solved the same problem for Reynolds numbers ranging from 1 to 60. Their results
were in good agreement with available numerical and experimental results. Recently,
Fornberg [6], using a numerical technique based on Newton’s method, obtained a
solution up to Reynolds number 300. Another numerical approach to this problem is
the finite element method by Tuann and Olson [27] for Reynolds numbers from 1
to 100.

A useful procedure for solving nonlinear partial differential equations is the
semianalytic method of series truncation or spectral method. Underwood {28] used
this method for the steady flow past a circular cylinder for the range of Reynolds
numbers from 0.4 to 10. The boundary conditions at infinity are from Oseen’s model
investigated by Van Dyke [29]. Nieuwstadt and Keller [15] used the same scheme
and employed the first term in the Oseen flow obtained by Imai {8] as the improved
boundary conditions at infinity for Reynolds numbers ranging from 1 to 40.

The purpose of the present work is to apply the series truncation method with
third-order boundary conditions developed by Chang to the steady viscous incom-
pressible flow past a circular cylinder. By series truncation, the governing partial
differential equation is reduced to a large system of nonlinear ordinary differential
equations. There are two novel features in their solution. First, Chang’s Navier—
Stokes solutions at great distances from a finite body transformed to series trun-
cation, accurate to the third-order, are used as boundary conditions at large distance.
Second, the two-point boundary value problem is solved by an efficient algorithm
developed by Ojika [16]. In addition, application of Shanks’ transformation [22]
improves the accuracy of the drag and pressure coefficients, surface vorticity, and
separation angle.

The computer-plotted results of streamlines, vorticity lines, tangential and radial
velocities, pressure and drag coefficients, eddy length, and separation angle are
compared with available experiments and other numerical and analytical solutions.

2. FLow EQUATIONS

The cylinder is placed in an incompressible laminar flow of uniform free-stream
velocity U,,. The origin of the coordinates is fixed at the center of the cylinder. The
cylinder is long enough so that the change of variables in the direction of the axis of
the cylinder may be ignored. The cylindrical polar coordinate system of r and & are
employed. The ordinate 7 is the distance of each point in the flow from the axis of the
cylinder and # represents the polar angle measured from the front stagnation point.

The vorticity transport equation nondimensionalized with reference to free stream
and the radius of cylinder is [14]

Re, /oy 0 oy 0 2
v a (W9 _ W 9Ny, ., 1
vt (ae or ao) v (1)
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where the Reynolds number Re, based on the radius a of the cylinder is defined by
Re, =pUyafu=Uga/v (2)
and the stream function y(r, ) is defined such that

u,(r, 8) = —(1/r)(0w(r, 6)/06), (3)
ug(r, 8) = oy(r, 6)/or. 4)

The only nonvanishing component of vorticity can be written as

00,6) =+ 5= () = - G = V. )

The boundary conditions are mo-slip conditions at the surface of the cylinder,

w(r,@)=0, i re 1 (6)
@w/or)(r, 6) =0, o (7)

and the uniform free stream condition far from the body surface,
w(r,8)~r,sinb, as r- o. (8)

Fourth-order partial differential equation (1), with boundary conditions (6)-(8),
describes the flow pattern under consideration. Boundary condition (8) at infinity will
be replaced by asymptotic behavior of the flow to the third order, as in Section 4.

3. METHOD OF SERIES TRUNCATION

The preceding system of (1), (6)-(8) is solved by the analytic-numerical method of
series truncation. The stream function is expanded into a Fourier sine series

wir,0)= i g,(r) sin nf 9)

n=1

with functions g,(r), n=1,2,.. to be determined. In the present study, only the
Fourier sine series is chosen because of flow symmetry at low Reynolds number.
Substituting (9) into (1) and then equating like Fourier coefficients, we obtain the
following system:

]

> G, 815 §20; Re,)sin i@ =0, (10)

where G(r, g,, g3 Re,), i=1,2,.. are sets of nonlinear ordinary differential
expressions. Satisfaction of (10) for arbitrary @ requires that the coefficient G; be set
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to zero for i =1, 2,.... The subscript i in (10) represents the ith order of the problem.
Thus, the following sets of ordinary differential equations must be solved
simultaneously:

G(r, gy, 81,3 Re,)=0, i=1,2,.. (1)

Inside the parentheses are included the functions g(r) and their derivatives to the
fourth order.

The effect of the ellipticity of (11) is seen as the first-order problem is governed by
the ordinary differential equation G, =0, the second-order problem by G, =0, etc.;
and the problem of each order contains functions dependent upon higher-order
problems. On the other hand, this effect does not appear in the parabolic or hyper-
bolic problem.

In the method of series truncation, the firt-order problem is to solve for
G, g, 823 Re,)=0, with g,=g;=--=0 and with appropriate boundary
conditions. The second-order problem is to solve G, =0 and G, =0 simultaneously
with g;=g,=---=0 and with appropriate boundary conditions. The procedure
continues to higher-order problems until the satisfactory convergence criteria between
succeeding approximate solutions are obtained.

The (nth)-order problem leads to the system of n fourth-order nonlinear ordinary
differential equations in terms of g,, g,, etc. as follows:

,,,_2”2+1 ; 2n23+1 n* —4n?

g,’,”’+—r—gn T & " gt &

Re, < w o1 . 1+ (m+n)? 2(m + n)’
2: 2 m }gm[ m+n+7gm+n_ 3 BminT 3 m+n)
m=1

-+
r r

” 1, 14+ (m—n)® 2(m — n)?
- gm—n+Tgm—n+_7_gm—n+_—_;§__gm—n

2

1 m
— (g8 + &h = ) (8ea— £0-0)| =0, (12)

with appropriate boundary conditions

&i(r)~r as r- oo, (13)
g.(r)=0, n=2,3,..,N, (14)
g.(r)=0, n=2,3,.,N, (15)

where primes denote differentiation with respect to r, and g, =0, g_, = —g,. This
system is to be integrated numerically after being reduced to a system of first-order
ordinary differential equations.

The first-order problem leads identically to the Stokes approximation and the
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associated nonuniformity at infinity, discussed in [30]. This anomaly disappears in
the higher order approximations.

Due to limited computer capacity, we consider only six terms in the Fourier series.
The accuracy of the surface quantities are to be improved by Shanks’ approximation.

4. THIRD-ORDER BOUNDARY CONDITIONS AT GREAT DISTANCE

The outer matched asymptotic expansion of the velocity and pressure are assumed
to have the form |3, 4]

V=i+eV,+e¥V,, +e’logeV,, + &2V, + ---. (16)
p=¢p, + &Py, + e logep,, +e%p, + -+, )

where the V’s and p’s in the right-hand side of (16) and (17) are respectively, first- to
higher order terms and ¢ is the small parameter
e=a/R. (18)

Here R is an artificial length scale. The velocity and related stream function terms are
given in more detail in [10];

ug(r, )= gl - lorgzs [ 31/21(2;2&3“ - %2—] sin 0

R o Ry @9
w(r, 8) = %r + lof - [ & ‘/21C63,z2Rea - ;:—7:[; sin 6

et 2, ey

—% :1 %(——1)'”rl sin né, (20)

where Cp is total drag coefficient. From (19) and (20), we find the following
conditions at infinity for the expansions of y(r, §) and uy(r, 8)

loge [ 3'*CLRe, C3 Re,\'?C% 2 Cp
- a “D | a ~D &« “b 2
sN=r+— [ 1677 27:2] ( o ) P e O
loge [ 3/2CLRe, C Re, \'2 C} 1
() =1— a Lo a) 5o 1 22
&) r? [ 1672 27z2] ( 27 ) r¥? 3n (22)
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ga(r)=(=1)" [(27[,)”2 (4,,22"5%)7[ +%] n=23,.., (23)
so=cr | (3) k=] nm2e (24)

In the actual numerical solution, (21)-(24) are used as the boundary conditions
imposed at a sufficiently large distance from the surface of the cylinder instead of
using (15) as mentioned toward the end of Section 2.

5. DRAG AND PRESSURE COEFFICIENTS AND SEPARATION ANGLE

The drag coefficient based on frontal area has been the most closely examined flow
property. The present semianalytic method gives a simple expression for the
calculation of friction, pressure, and total drag coefficients,

. = (2n/Re,) g1 (1), (25)
Cp,=— (2n/Re,)[g1"(1) + gi(1)]; (26)
=—(2n/Re,) g1"(1). 27

It is seen that only the first term in the Fourier expansion of y(r, §) contributes to the
drag coefficient. Naturally, because of the ellipticity of the equations, the values of
g,(1) and its derivatives do change as the number of terms in Eq. (9) is increased.

The pressure coefficient may be calculated by integration of the governing
equations, and is given by

Cp = (Dimensional(P, — P )/3pU%,
2
" Re,

Z ’11 [gn(1)+ gy (1)][1 — cos nb|

n=1

N
Yon
S—r—(")

S [£a0) -5 0]

n=1

(28)

The position at which the vorticity changes sign indicates the flow separation
point. The flow separation angle (measured from the rear stagnation point) is seen in
the computation to increase with increasing Reynolds number.
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At the point of separation, vorticity vanishes and the angle of separation § = 7 — 6
may be found from the root of (5) when we set r=1 and w =0:

[e 2]
> gr(1)sinnd =0, (29)

n=1

where 6, is the separation angle measured from the rear stagnation point.

6. INITIAL VALUE ADJUSTING METHOD WITH INTERVAL DECOMPOSITION

Several numerical techniques have been investigated for the solution of the present
two-point boundary value problem of nonlinear ordinary differential equations. The
quasilinearization technique introduced by Bellman and Kalaba [2] has some disad-
vantages. First, the partial derivatives of the system equation (the Jacobian mtrix)
must be evaluated analytically. Second, selection of the first approximation which
leads to convergence is, in general, difficult. Third, storage of the previous iteration
procedure is required. The modified quasilinearization technique developed by Baird
[1] reduces the computer storage, but it is necessay to solve an additional linear
boundary value problem. The technique of Lentini and Pereyra [13] has again the
same disadvantage as Bellman and Kalaba’s method.

The initial value adjusting method with interval decomposition for the solution of
nonlinear multipoint boundary value problems (MPBVP) of nonlinear ordinary
differential equations by Ojika [16], being simple and efficient, has been adopted for
the present two-point boundary value problem.

In this technique, the original MPBVP was transformed into a set of initial value
subproblems. From the solution of each initial value subproblem with a set of slightly
perturbed initial conditions (from the previous initial conditions), one calculates
corresponding variations of the nonlinear conditions. Then by the initial value
adjusting method [17, 18], a set of new initial conditions was determined in order to
satisfy simultaneously the given boundary conditions and continuity conditions at the
boundary points. The quadratic convergence property of this method has the
advantage of small computer storage requirements. This method deals directly with
the original differential equations and the given boundary conditions, so it is not
necessary to use the solutions of additional linear equations or to evaluate
analytically the partial derivatives of the given equations.

Consider the system of n-dimensional nonlinear ordinary differential equations as
the nonlinear multipoint, or in the special case, two-point, boundary value problems,

dx(t)/dt = f(x, t), LK, (30)
subject to nonlinear or linear boundary conditions

glx@), x(£,)yes x(t,)] = 0, L<t, < <tpy mMm>2, 31
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where ¢ is the independent variable and ¢, (p = 1, 2,..., m) is fixed, x(¢) is an n-vector,
/ is an n-vector function twice continuously differentiable with respect to x and
continuous in ¢ within the interval [¢,,f,], and g is an n-vector function twice
differentiable with respect to each x(t,) (p = 1, 2,..., m).

Instead of solving (30) and (31), we decompose the overall interval [¢,,¢,] into
m — | subintervals and solve a set of initial value problems

d k+ lx(o)(t) B

dt '—f(k+lx(g)’ t)a (32)
k+lx(p)(tp+)=k+1x(p)’ L<t<t,,y, p:],z,_,,,m——] (33)

with corresponding boundary conditions
k+1g= g["“x“’(z‘f),..., k+1x(m—1)(z;_1)’ k+1x("'—l)(t;,#])] =0, (34)

where the superscript k + 1 refers to the (k + 1)th step of the iteration and (p) refers
to the pth subinterval. The plus and minus signs in (34) refer to the right and left
limits of ¢, respectively. In addition, the continuity condition must be satisfied at each
boundary point

K@@y —k+ixe=-Y¢ =0, p=2,3,.,m—1 (35)

Equation (32) for the pth subinterval at the kth step of the iteration may be written as

dky®0/dt=f(y, 0, 0= %) +eey, (36)
,<t<tyy, j=12un p=1,2.,m—1, (37)

where j‘ ¥ denotes an n-dimensional vector, ¢ is a small perturbation parameter, and
e; denotes the jth unit vector given by e, = (0,..., 1,..., 0). The solution of (36) sets the
new initial conditions at each subinterval. The procedure will be terminated if the
convergence condition at the kth iteration defined by

kg =["B*B/n(m — D)]* <&’ (38)

is satisfied, where the convergence criterion ¢’ is given by the user and * is defined
by

k

g
kx(2)(i;-) _ kx“)(tz_)

kg = . k=0,1,.. (39)

D) = D)
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There are some observations about the method and the algorithm:

(1) The algorithm given is valid for decomposition at arbitrary points.

(2) The number of subintervals remains constant throughout the entire
computations if the convergence criteria can be satisfied. Otherwise all the subin-
tervals are further decomposed automatically into two equal subintervals.

(3) The initial value subproblems are solved by the Runge—Kutta—Gill
method [7].

In all truncations, we let ¢’ = 10~°; convergence criteria for the subroutines
MPIVID (multipoint boundary value problems—initial value adjusting method with
interval decomposition) and GAUSSD (Gauss elimination) are 10~° and 107",
respectively.

The boundary conditions at infinity were imposed as a sufficiently large distance
from the surface of the cylinder. This distance changes with the Reynolds number of
the flow.

The numerical computations in the present investigation were programmed in
FORTRAN 1V (G-level) for solution in the IBM 370/158 automatic digital computer
and DEC-10 at the University of Southern California. Typical machine times were 2,
4, 8, 13, and 19 minutes for second through sixth truncations, respectively.

7. DI1SCUSSION OF RESULTS

Results of the Present Study

Results have been obtained for Reynolds numbers ranging from 0.4 to 40. An
outer boundary of 91 times and 41 times the radius of the cylinder for Reynolds
numbers between 0.4 and 10 and between 15 and 40, respectively, were chosen. As a
test of the outer boundary, radii r, of 41, 61, and 91 times the radius of the cylinder
for Re = 10 were selected. It is seen from the results that little change has occurred.
For consistent results, the outer boundary at infinity was set the same in all trun-
cations for a given Re.

In the application of the method of series truncation, the numerical convergence of
successive truncations is of primary importance. The term convergence in the present
text refers to the quadratic convergence for the initial value adjusting method
discussed in Section 6.

As will be seen later in Fig. 6, in which the drag coefficient is plotted versus
Reynolds numbers ranging from 0.4 to 40 for the second to sixth truncations,
additional terms in the Fourier series would yield a more accurate drag coefficient.
Because of the limited capacity of the computer, adding more terms in the Fourier
series was not feasible. Applying the nonlinear Shanks’ transformation [22], however,
the accurate calculation of the drag coefficient for each Reynolds number becomes
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w=0.2

Fic. 1. Streamlines and equi-vorticity lines from the sixth truncation at Re = 1.

possible. If S,_,, S,, and S, , represent three successive approximations to a
quantity, a revised value is given by

el(Sn)=(Sn+1Sn—1-Sr21)/(Sn+l+Sn—l_'2Sn)‘ (40)

The application of this transformation to each of the three successive truncations
yields the final value to three significant figures. This transformation is also applied
to the other surface quantities, but not the field quantities.

Since the sixth truncation yields the best obtainable approximation without the
application of Shanks’ transformation, the stream function (9), vorticity (5), and
velocity profiles have been plotted based on it. The corresponding streamlines and
equi-vorticity lines are plotted on the top and bottom of the cylinder. Figure 1 shows
the flow pattern for Reynolds number 1. In the course of computation the bubble

[[8=15 30 456075 SO (9=165 150 135 120105

17

13-
r

9;—

5_

1 | l ]

(o] 0.4 0.8 1.2 1.2

u

(-}

Fi1G. 2. Tangential velocity from the sixth truncation at Re = 1.
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-1.2 -09 -0.6 -0.3 ’ Ou 0.3 0.6 0.9 1.2

Fi1G. 3. Radial velocity from the sixth truncation at Re = 1.

begins to appear at Re = 7. As the Reynolds number increases, the bubble or recir-
culating region behind the cylinder grows. At low Reynolds numbers the streamlines
display fore-and-aft symmetry close to the surface, as in Fig. 1.

The components of tangential velocity (4) versus angle are plotted in Fig. 2 for
Re = 1. The figure shows the velocity profiles along the surface and displays fore-
and-aft symmetry with respect to the top of the cylinder for low Reynolds number. In
the thin viscous layer, the velocity increases from zero to a maximum then decreases
to the free stream value.

The components of radial velocity (3) versus angle for the same Reynolds numbers
are shown in Fig. 3. The radial velocity components begin at zero on the cylinder
surface and approach that of the free stream

u,——cosf as r- oo. 41)

In Figs. 4 and 5, Shanks’ extension of the pressure coefficient and surface vorticity

F1G. 4. Pressure coefficient calculated from the Shanks’ extension at various Reynolds numbers.
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oL |

FIG. 5. Vorticity distribution on the cylinder calculated from the Shanks’ extension at various
Reynolds numbers.

are plotted versus the angle, as the Reynolds numbers change.
In Fig. 6 we show the drag coefficient from the second to sixth truncations as well
as Shanks’ extension for each quantity.

Comparison of Results

In Figs. 7 and 8, the predicted surface vorticities from the present study are
compared with other authors’ numerical solutions at Reynolds numbers 1 and 40,
respectively. The values plotted in Fig. 7 show very good agreement with Nieuwstadt
and Keller at Re= 1. In Fig. 8 the results are in good agreement with those of

(@]

o

pex O
OCxX O

=]
4 i(;g; g
~ * a
Bgix 1 % %%gug
8 ® §*****
o |11l L 11 £ 6 gap
3 5 10° 2 5 10 2 4

Re

FiG. 6. Total drag coefficient versus Reynolds number from the different truncations and Shanks’
extension: second (O), third (&), fourth (X), fifth (©), and sixth truncations (+); () Shanks’ extension.
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_1_ —

Fic. 7. Vorticity distribution on the cylinder from the sixth truncation, Shanks’ extension, and other
numerical solutions at Re=1: (¢), Nieuwstadt and Keller [15]; (---), sixth truncation; and (—),
Shanks’ extension.

Dennis and Chang [5], Nieuwstadt and Keller, and recent computation by Fornberg
[6] at Reynolds number 40.

In Table I the drag coefficient is also compared with existing numerical solutions.
In Table II the separaion angle is presented and the result is in good agreement with
numerical solutions of Dennis and Chang, Nieuwstadt and Keller, Takami and
Keller, and the finite element method of Tuann and Olson for Reynolds numbers
between 10 and 40. Hamielec and Raal 9], Fornberg, and Underwood show higher
values. In Fig. 9, the total drag coefficient of the present study has been compared
with existing experimental data. The result is in good greement with those of
Wieselberger [31], Relf [21}], and Tritton [26] for high Reynolds numbers and differs
slightly from those of Tritton at low Reynolds numbers.

Fic. 8. Vorticity distribution on the cylinder from the sixth truncation, Shanks’ extension, and other
numerical solutions at Re=40: (+), Dennis and Chang {5]; (©), Nieuwstadt and Keller [15]; (&),
Fornberg [6]; (---), sixth truncation; and (—), Shanks’ extension.



JAFROUDI AND YANG

194

"SJUSWIS[E Q7 ‘POYISW JUSWIA[S MNUL] ,

§SS°1 ¥TTT 8611 §L9'1 $0SS°1 (443 — — 9€$°1 oy
009°1 78¢T — — 6ZEL'T — 8851 — LILT ot
LZ6'1 ¥+9°7 10007 €52 £50°C §¥0'T — — €107 174
11z 998°C — — — — LTT — §97T S1
L¥9°T 905°€ — LLI'E £878'C 98T SLT §'¢ 087 0!
981°¢ 9L6°¢ — 6v8°€ EEIV'E 1Tv'e — — £0€°€ L
9p°'€ LITY — — — — — — §96'¢ 9
878'¢ 6P — 199'% — 1887 — — — S
ey €66t — — — — (4% — 6EP'Y 4
85¢€°9 166°9 — — — — £8'9 — L£9'9 (4
9,701 8E¥°01 — €10°¥1 621¢°01 — L6°01 — £87°01 I
£ET61 P8T'61 — — — — —_ STT61 — 0

(uasaad) (yussaud) (0861} o(8L61) (¢L6l) (oL61) (6961) (6961) (6961) e |

uotsuaIxy uorneoduniy wuunF_o g uos|o PN wca_._U ey UOOBB@: n 12119

Sjueys yxig pue pue pue pue pue

uueny, uﬁmumgzo_z w_ccoQ oo_omﬁsm _Eu&«.—.

SUONIN[OS [BOLIDWNN SUNSIXT YNM UOISUIIXY SURYS
PUE UOTIBOUNL], YIXIS 33 WOLj uao1ya0)) Seiq [eI0] jo uosieduwio)

I 474VL



195

FLOW OVER A CIRCULAR CYLINDER

"SJUWIS[R g/, ‘POYISW JUSWD[S UL ,

oCTY'IS 296'09 o176 o8V FEES o8'€S — — o$S°€S oy
oZEO'LY 08'SS — — o8E°'6V — ol'TS — 096 o€
o£ECTP 098P RANSY ol'b¥ oLE'EY ol €Y — — oS9'EY 0z
o£01°9€ 60'EY — — — — o9°0p — ol'8€ S1
o8LT0Z 98'¥€ 0$S°0€ ol'6T o96°LT 0967 43 o0°0€ o£6Z 01
o88L°11 ol9°TT — olTT — o671 — — oS'H1 L
— — — 09< — — — — — S
(Juasaud) (yuasaid) (0861) 2(8L61) (cL61) (oL61) (6961) (6961) (6961) Ny
uoisuaIxa co_umocsb m.—vncuom =Om_o ..u:vvm wcmno _mm,wm poomispun ._u=uvm
Syueys yxig pue pue pue pue pue
uuen] IPBISMNBIN S1uua( J3a1luRY weye]

pue uoneIUNIL YIXIS 2} woyj 3[duy uoneredag jo uosuedwo))

suoNNjog [BdLIBWNN SunsIXg Yim UOISUNXY SUeyS

1 4719VL

581/49/2-2



196 JAFROUDI AND YANG

] [N l 1
4

RN
3 5 10° 2 5 10! 2
Re

Fic. 9. Comparison of total drag coefficient versus Reynolds number from the sixth truncation and
Shanks’ extension with existing experimental data: (X), Relf [21]; (x), Wieselberger [31]; (+), Tritton;
(---), sixth truncation; and (—), Shanks’ extension.

8. CONCLUSIONS AND DISCUSSION

The main objective of the present work has been to investigate the steady viscous
incompressible flow past a circular cylinder. The series truncation method has been
applied to the full Navier—Stokes equations. Fourier series expansion (9) has been
chosen for the stream function and is valid throughout the domain of interest. The
asymptotic behavior of the flow at infinity has been carefully studied.

Numerical solutions for the steady viscous incompressible flow past a circular
cylinder have been presented by the series truncation method for a range of Reynolds
numbers from 0.4 to 40. Because the sixth truncation solutions yield a better approx-
imation than the lower truncations (as expected), the flow pattern and tangential and
radial velocities have been plotted for the sixth truncation. The surface characteristics
of flow, such as the pressure coefficient, surface vorticity, drag coefficient, and
separation angle using Shanks’ transformation are found to be in consistent
agreement with those of Nieuwstadt and Keller [15], Dennis and Chang [5], and a
recent computation by Fornberg [6] for the present Reynolds number range. The
drag coefficient was also found in good agreement with Tritton’s [26] data. The
present computation shows that the closed wake length (s) appears at Reynolds
numbers between 5 and 7.
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APPENDIX: NOMENCLATURE

Radius of the cylinder
Total drag coefficient
Friction drag coefficient
Pressure drag coefficient
Diameter of the cylinder
Pressure

Pressure at infinity
Radial coordinate
Reynolds number

Wake length

Free stream velocity

Radial velocity = — (1/r) dy(r, 8)/06

Tangential velocity = dy(r, 8)/or
Convergence criterion

Angular coordinate

Separation angle

Viscosity = const

Kinemtic viscosity = u/p
Density

Stream function

Vorticity

REFERENCES

C. A. BaIrp, J. Optim. Theory Appl. 3 (1969), 227.
R. E. BELLMAN AND R. E. KALABA, “Quasilinearization and Nonlinear Boundary-Value Problems,”
mer. Elsevier, New York, 1965.

CHANG, J. Math. Phys. 10 (1961), 811.
CHANG, private communication, 1980.
R. DENNIS AND GAU-ZU CHANG, J. Fluid Mech. 42 (1970), 471.

. FORNBERG, J. Fluid Mech. 98 (1980), 819.

1LL, Proc. Cambridge Philos. Soc. 47 (1951), 96.

L. Ima1, Proc. R. Soc. London, Ser. A 208 (1951), 437.

. A. E. HaMIELEC AND J. D. RAAL, Phys. Fluids 12 (1969), I-11.
. H. JaFroupi, “Computation of Steady Laminar Flow over a Circular Cylinder with Third-Order
Boundary Conditions,” Ph.D. Dissertation, University of Southern California, Los Angeles, 1981.

. S. KAPLUN, J. Math. Mech. 6 (1957), 595.

. M. Kawagury, J. Phys. Soc. Japan 8 (1953), 741,

. M. LENTINI AND V. PEREYRA, SIAM J. Numer. Anal. 14 (1977), 91.
. L. M. MiLNe-THoMsON, “Theoretical Hydrodynamics,” 5th ed. p. 646, Macmillan, New York,

1968.

. F. NIEuwsTADT AND H. B. KELLER, Comput. Fluids 1 (1973), 59.

197



198 JAFROUDI AND YANG

16

17.
18.
19.
20.
21
22,
23.

24,
25,
26.
27.
28.
29.

30.

31

. T. OJikA, “Multipoint Boundary-Value Problems for Non-Linear Ordinary Differential Equations
(Initial-Value Adjusting Methods with Interval-Decomposition),” The Scientific Subroutine Library,
Kyoto University, Kyoto, Japan, 1978.

T. OukaA, J. Math. Anal. Appl. 73 (1980), 192.

T. OuKA AND Y. KASUE, J. Math. Anal. Appl. 69 (1979), 11-359.

C. W. OSEEN, Ark. Mat. Astron. Fys. 6 (1910), 1.

I. PROUDMAN AND J. R. PEARSON, J. Fluid Mech. 2 (1957), 237.

E. F. RELF, Brit. A. R. C. Rep. Memo., No. 102, (1914).

D. Snanks, J. Math. Phys. 34 (1955), 1.

G. G. STokes, Trans. Cambridge Philos. Soc. 9 (1851), 8; reprinted in Math. Phys. Papers 3
(1901), 1, Cambridge Univ. Press, London/New York.

H. Takami aNDp H. B. KELLER, Phys. Fluids Suppl. 11, 12 (1969), 1I-5.

A. THOM, Proc. R. Soc. 141 (1933), 651.

D. TRITTON, J. Fluid Mech. 6 (1959), 547.

S. Y. TuANN AND M. D. OLsoN, Comput. Fluids 5 (1978), 219.

R. L. UNDERWOOD, J. Fluid Mech. 36 (1969), 95.

M. D. VAN DYKE, in “Proceedings, 11th International Congress of Applied Mechanics,” p. 1165,
1966.

M. D. VaN DyYKE, “Perturbation Method in Fluid Machanics,” Stanford, the ParabolicPress,
Stanford, Calif., 1975.

. C. WIESELBERGER, Phys. Z. 22 (1929), 32; 23 (1921), 219.



